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An Example of Multiple Data Sources for SAE

28 

Dependent  Independent 
Y X 

Enumerated 
JAS Segments 

CDL Classified 
Acres 

Soybeans 227 273 
Wheat 337 541 

REGRESSION 
VARIABLES: 

Zakzeski, A., National Agricultural Statistics Service
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An Example: Estimation of crop acreage at granular levels

Ref: Battese et al. (1988)

Estimate crop acreage for 12
counties of north central
Iowa

Sampled unit: segment of
land

Combine survey data with
satellite data

37 observations
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Fig 2: Plot of Corn Hectares versus Corn Pixels by County 

This plot also reflects the strong relationship between the 
reported hectares of corn and the number of pixels of corn 
for counties separately. But the slopes and/or intercepts 
seem differ by county. 
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The distribution of estimated intercept and slopes by area
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An Example from the EMAP Lake Survey Data

334 lakes selected from the
population of 21,026 lakes

86 Hydrologic Unit Codes
(HUCs) are in-sample

27 HUCs are out-of-sample

Estimation of average Acid
Neutralising Capacity (ANC)
by HUC is of interest.
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Notation

m small areas with Ni units;

yij and xij denote the values of the study variable and a p× 1
vector of known auxiliary variables for the jth unit of the ith
small area, respectively, with i = 1, . . . ,m, j = 1, . . . , Ni;

Parameter of interest: Ȳi = N−1
i

∑Ni
j=1 yij , i = 1, . . . ,m.

ni is the sample size for area i and it is not large enough to
support the use of a direct estimator: ȳi = n−1

i

∑
j∈si yij ,

where si denotes the part of the sample from the ith small
area.
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Nested error regression model (NER)

Nested error regression model for the finite population:

yij = β0 + x′
ijβ + γi + ϵij , i = 1, . . . ,m; j = 1, . . . , Ni,

β0 and β are unknown fixed intercept and regression
coefficients, respectively;

γi is a random effect for area i; ϵij is the sampling error for
the jth observation in the ith area; γi and ϵij are all assumed
to be independent with γi ∼ N(0, σ2γ) and ϵij ∼ N(0, σ2ϵ ),
i = 1, . . . ,m; j = 1, . . . , Ni;

the parameters δ = (σ2γ , σ
2
ϵ ) are referred to as the variance

components.
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An extension of NER

We propose the following extension of the nested error regression
model:

yij = β0 + x′
ijβi + γi + ϵij , i = 1, . . . ,m; j = 1, . . . , Ni,

βi is a p× 1 vector of fixed unknown regression coefficients
for area i;

γi and ϵij are all independent with γi ∼ N(0, σ2γ) and
ϵij ∼ N(0, σ2ϵi).
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The Best Predictor (BP)

The best predictor (BP) of θi = β0 + X̄′
iβi + γi is given by

θ̂BP
i ≡ θ̂i(ϕi) = β0 + X̄′

iβi + (1−Bi)(ȳi − β0 − x̄′
iβi)

= (X̄i − x̄i)
′βi +

{
Bi(β0 + x̄′

iβi) + (1−Bi)ȳi
}

X̄i: population mean for area i

x̄i: sample mean for area i

Bi =
σ2
ϵi/ni

σ2
ϵi/ni+σ2

γ
;

ϕi = (β0,βi, σ
2
γ , σ

2
ϵi)

′;

An empirical best predictor (EBP) of θi can be written as
θ̂EBP
i ≡ θ̂i(ϕ̂i).
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Estimation of βi when variance components are known

Set β0 =
∑m

i=1 α0i/m.
For t = 1, 2, . . . , define

r
(t)
l;i = Al;i(yl − α

(t)
0i 1nl

−Xlβ
(t)
i ),

where

yl is a vector of the response variable for area l;
Xl denotes a matrix of individual level covariates in area l;
Al;i is a suitable known scale matrix.

Obtain (α
(t)
0i ,β

(t)
i ) by solving the following system of estimating

equations for (α0i,βi):
m∑
l=1

Wl;i ψi(r
(t)
l;i ) = 0, i = 1, . . . ,m.

where Wl;i is a suitable known weight matrix.
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Choices of ψi(r
(t)
l;i )

ψi(r
(t)
l;i ) is a nl × 1 vector obtained from the vector of

residuals r
(t)
l;i with its jth component, say r

(t)
lj;i, replaced by

ψi(r
(t)
lj;i), a chosen known function of r

(t)
lj;i;

ψi(r) = 2ψ(r) [τiI(r > 0) + (1− τi)I(r ≤ 0)] , −∞ < r <
∞, where ψ(r) is a known monotone non-decreasing function
with ψ(−∞) < ψ(0) < ψ(∞), τi ∈ Ω = (0, 1) known.

Examples of ψ(r): ψ(r) = r and Huber influence function.
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A parametric bootstrap estimator of f
(
E[d(θ̂i, θi)]

)
Step 1 Given ϕi, generate R parametric bootstrap replicates

{y(r)
ij , i = 1, . . . ,m; j = 1, . . . , ni, r = 1, . . . , R} using the following model:

y
(r)
ij = β̂0 + x

′
ij β̂i + γ

(r)
i + ϵ

(r)
ij ,

where γ
(r)
i ∼ N(0, σ̂2

γ) and ϵ
(r)
ij ∼ N(0, σ̂2

ϵi) are all independently distributed,

i = 1, . . . ,m; j = 1, . . . , ni.

Step 2 For each replication r, compute the simulated parameter of interest:

θ
(r)
i = β̂0 + X̄′

iβ̂i + γ
(r)
i , r = 1, . . . , R.

Step 3 For each replication r, compute ϕ̂
(r)
i using the estimation algorithm and compute θ̂

(r)
i , which may

depend on ϕ̂
(r)
i r = 1, . . . , R.

Step 4 A parametric bootstrap estimator of f
(
E[d(θ̂i, θi)]

)
is:

f
(
E∗[d(θ̂

∗
i , θ

∗
i )]

)
≈ f

 1

R

R∑
r=1

d(θ̂
(r)
i , θ

(r)
i )

 ,

where E∗ is the expectation with respect to the parametric bootstrap distribution.
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EMAP Lake Survey Data Analysis
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Figure: Maps showing the spatial variation in the HUC-specific area
elevation slope coefficient (left) and sampling variance (right) estimates
that are generated when the proposed nested error regression model with
high dimensional parameter is fitted to the EMAP data.
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Maps of estimated average ANC for HUCs using direct and
EBP under NERHDP

Direct Estimates EBP
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> 932
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Boxplot of CVs ratios
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Figure: Boxplot showing the ratio between the CVs of the direct
estimates and the CVs of the estimates obtained by the nested error
regression model with high dimensional parameter. Values greater than 1
indicates that the CVs of the direct estimates are higher than the other
ones.
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Concluding Remarks

Flexible modeling

Area specific estimating equation

Design consistency

Starightforward parametric bootstrap for measuring
uncertainty

Method is extendable to estimate nonlinear finite population
parameters.
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Thank You!
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