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Coefficient of variation

The coefficient of variation (CV)

c=—
I

is a widely used unit-free measure of dispersion.
® |t is a popular tool to judge, e.g.,
® the repeatability of measurements in clinical trials,

® the risk in the financial world or in psychology,
® the quantitative variability in genetics.

e |t is also a reliability tool in control charts for monitoring.

Various inference methods are suggested to compare two or several groups in terms of CV
(Aerts and Haesbroeck, 2017; Pauly and S., 2020).

Marc Ditzhaus and tukasz Smaga Inference for MCsV in factorial designs 2/31



Multivariate coefficients of variation

® However, when more than one feature is of interest, comparisons based on marginal CVs are
misleading due to potentially different decisions for the single features (Van Valen, 1974),
and does not account for correlations between the features.

® The solution is to use the multivariate coefficient of variation (MCV).
® However, the extension is not unique and there is no default choice up until now.

® Reyment (1960), Van Valen (1974), Voinov and Nikulin (1996) and Albert and Zhang
(2010) suggest to define the MCV by

det): 1/d trx B 1 cAZ _ ITAD N7}
N\ T 1, = T2
php w % (b'p)

respectively. Here p denotes the nonzero mean vector of a d-dimensional random variable
and X is corresponding covariance matrix.
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Multivariate coefficients of variation

® All these definitions reduces to the CV in the univariate (d = 1) case.
® The differences of them are discussed in great detail by Albert and Zhang (2010).

e Additionally, the standardized means as the reciprocal of CY are of their own interest:

L1
B'= 7 (v=RR. W, WN,AZ). (1)
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Multivariate coefficients of variation

A further problem of the MCV is the lack of generally applicable inference methods.

Aerts and Haesbroeck (2017) considered testing the equality of several MCVs following the
definition of Voinov and Nikulin (1996):

ewo L
pTE

But their methods rely on the specific assumption of the underlying distribution (elliptical
symmetric distribution) and the convergence speed of their test statistic is rather slow
leading to an inconsistent type-1 error control for small sample sizes.

Ditzhaus and S. (2022) proposed the permutation test for the above MCV in factorial
designs, which has good theoretical and finite sample properties.

Marc Ditzhaus and tukasz Smaga Inference for MCsV in factorial designs 5/31



Asymptotic normality in the nonparametric framework

® \We consider n; independent, identically distributed d-dimensional random variables
X':()(jl,...,){jd)—r (j:l,...,nl).

® We suppose no specific conditions on the distributions of X; except the following assump-
tions on the moments to ensure the well-definedness of C/ and B’:

Let p # 0 and E(Xj‘;) < oo for all j and £. Moreover, we suppose:

® For CRR, CYN, BRR and BN, we consider only regular matrices X.
O For CYV and BVY, we assume X # 044.

® For CA% and B4, we suppose ' Ep > 0.

Marc Ditzhaus and tukasz Smaga Inference for MCsV in factorial designs 6/31



Asymptotic normality in the nonparametric framework

® \We estimate the MCVs or their reciprocals by:

(det Z)V/d ~y X Sy 1 =AZ X o, v
T,C = ﬁ:c = ﬁ,c = ’\TAQ’B :1/C7
[T [T AT )

where
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Asymptotic normality in the nonparametric framework

Assume that ny — oco. Let v € {RR, VV, VN, AZ} and Assumption 1 be fulfilled.
@ The estimators CV are asymptotically normal,
ni/z(/c\.v — Cv) i) ZCv ~ N(0,0’%v),
S ) RV
2 v 3 T
Ocv = 4 Av(u‘vz) <‘U3 ‘U4> AV(IJ’7Z) )

where SRR — d_2(CRR)2_4d, SVV — (CVV)—Z’ SVN — (CVN)67 SAZ — (CAZ)_2.

@ The reciprocals E}’ are asymptotically normal as well,

ni/z(g" - B") 9, Zge ~ N(0,0%,) with o3, = (C*) %02, .
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Asymptotic normality in the nonparametric framework

uT det(D) (vee(= ) L det(T) (vec(z )
Arep 2) = | 24 dm(z)(ﬂu)"’+1 i (T p)d D). (n"p)? ’
Av(i,E) = (—2tr(z) 1L (ec(1y) D) 1(vec(ld))T)
’ (w32 pip AT ’
A E) = (2p 7~ [(WTE ) @ (WTEHID(W). ~(p T @ (WX ),
__a,T n' p'E plop’ - pop’
Azl 2) = < o z”(uTu)E‘ +2(HTM)2 T Ty Dlk), (n'p)? )

where ® is the Kronecker product, and
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Asymptotic normality in the nonparametric framework

the matrices D(x) € R¥*9 for x = (xq, .

2 2 2
o xg)T €RY, Wiz € R a5 well as Wy € R >4
are given by their entries

[f)(x)]ad_dH,s =—x{s=a#r} —2xl{s=r=a} —x,l{r =5 +# a}

(Wislad—d+rs = E(Xi1aXitrXits) — E(XinaXinr) E(Xis)

(Wislad—dtr.bd—d+s = E(XinaXinr XitpXins) — E(XinaXinr) E(XiipXits)
for a,b,r,s € {1,...,d}.
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Asymptotic normality in the nonparametric framework

® The variances asz and 02Cv can be naturally estimated by replacing the expectations and
covariances by their empirical counterparts, for instance:

(W3ag—aire = (17 5 XjaXieXjs) — (i ixjaxjr) (n* 5 X;s)-
' j=1 j=1

j=1
e \We obtain
= N T
52, =2AmE) (T Y3 )am@E)T, 52 =(CY) %, 2)
v Y,

where Sgg = d~2(CRR)274d, Sy, = (CVV)72, Syn = (CVN)P, Spz = (CA2)~

Lemma 2 (Consistent variance estimators)

Under Assumption 1, 5%, % 0%, and 63, 5 o3,

=) = = = A
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Asymptotic normality in the nonparametric framework

Definition 3 (Conditional two-point distribution)

Let Y = (Y1,...,Yy)" € RY be a multivariate random variable. We call the rth coordinate
Y, conditionally two-point distributed if it is (conditionally) degenerated or it just takes (con-
ditionally) two different values with positive probability, both given the remaining components

(Ys)szl,..,,d;syér-

v

No coordinate of X1 is conditionally two-point distributed.

Lemma 4 (Nondegenerecy)

Under Assumptions 1 and 2 we have 0%, > 0 and, thus, o3, > 0.
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Global testing for factorial designs

® |et
X,'j: (Xijla"'axl'jd)—r (i: 1,...,/(;_]: 1,...,n,-),
where Xj1, ..., Xj,, are identically distributed for each i = 1,..., k and all observations
Xi1, ..., Xkn, are mutually independent.

e We choose a contrast matrix H € Rk, i.e. Hl;x1 = 0,41. We like to infer:
%07CV . HCV = 0r><17 }CO,BV :HBY = 0r><17 (3)

where C¥ = (C},...,CY)" and BV = (BY,...,B})" (v=RR,VV,VN,AZ).
® In the classical k-sample scenario, the null hypothesis of no group effect can be tested by

Ho,cv : {PkC" = 0ps1} = {G = ... = C/},

where
P =1 — 1, /k.
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Global testing for factorial designs

® Let
e k
= i Dforalli=1,....k, n= ;. 4
n—>/<o€(0,)ora/ sk, n ;n (4)

e The Wald-type statistics for testing general null hypotheses (3):
Sn.cv(H) =n(HC )T (HEc H)THC", S, 5.(H) = n(HB") (HEg H")*HB",
where

icv = diag((n/nl)Gicv, A (n/nk)ﬁicv)

s . ~2 -2
X pv = diag((n/m)oi gy, ..., (n/nk)oj gv)
are diagonal matrices, and A" is the Moore—Penrose inverse for a matrix A.
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Global testing for factorial designs

Let (4) as well as Assumptions 1 and 2 be fulfilled for all (sub-)groupsi=1,... k.
(i) Under Ho,cv : HCY =0, S, cv(H) tends in distribution to Z ~ x%ank(,_,).

(ii) Under Hy.cv: HC' #0, S, cv(H

(iii) Under Hopv: HBY =0, S, gv(H
(iv)

diverges, i.e. S, cv(H) converges in probability to cc.

)
) tends in distribution to Z ~ Xfank( H)-
Under H1 g : HB" # 0, S, gv(H) diverges, i.e. S, gv(H) converges in probability to cc.

v

¢ \We obtain asymptotically valid tests

on.cv = 1S cv(H) > Xeank(H)1-ats
enp = 1S, g (H) > Xgank(H),lfaL

i.e. they have an asymptotic level a and an asymptotic power of 1.
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Global testing for factorial designs

® To improve finite sample properties of the Wald-type statistic, we consider permutation
and bootstrap tests.

® We first group all data together resulting in pooled data by X = (Xjj)i=1,. k;j=1,....n;-
e \We draw without or with replacement from X to obtain
® a permutation X™ = (X7)i=1,.._ kj=1,....m"
® a bootstrap X? = (ij’-),-:L,,_,k;j::l,,,,,n,-
sample, respectively.
® The benefit of the permutation approach is its finite exactness under exchangeability, here

under j‘vfo . X11 g g Xk]_.
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Global testing for factorial designs

® The expectation py = Zf-‘zl kiw; and the covariance matrix X for the (asymptotic) pooled
distribution Py = YK 1 #;PXt, where [Eolom = (X151 i E(Xen Xm1)) — [0l e[tto]m-
e Assumption 2 is true for the pooled distribution when this is the case for all (sub-)groups.

Theorem 6

In addition to the assumptions of Theorem 1, we suppose that Assumption 1 is fulfilled for
o and Xo. Then the following statements are valid independently whether the respective null
hypotheses Hy cv, Ho v or their respective alternatives are true:

® The permutation statistics S,ICV(H) and S,ZBV(H) always mimic the null distribution limit
of Sp.cv(H) and Sp gv(H) asymptotically, respectively, i.e.,

sup | Pr (S,ZCV(H) < x| X) - XEank(H)(X)‘ £o.

x€R

O The bootstrap statistics SS7CV(H) and S,L,’,BV(H) always mimic the null distribution limit of

S,.cv(H) and S, gv(H) asymptotically, respectively.




Multiple testing

® The multiple testing problem
ﬂ{o,g,cv:hZCV:0 (E:l,...,r) (5)

for contrast vectors h; € RX, i.e. h;lkxl =0.

® The intersection

,
() Ho.e,cv
=1

of the local null hypotheses coincides with the global null hypothesis Hp ¢v from (3) with
H=(hy,....,h)".
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Multiple testing

® |n the easiest case, we are interested in group differences, i.e. the global null hypotheses is
%070/ : Cl‘/:: C}(/

® Tukey's all-pairs comparison (Tukey, 1953)

}CO,CVZC{:...:C}(/@
G=¢ 11 0 ... ... 0 0
G =4 -1 0 1 0 ... ... 0

Hocv: 3 C¥ =CY & Hoev:|-1 0 0 0 ... ... 1|/C"'=0
Y= cy 0 -1 1 0 ... ... 0
. , 0 0 -1 1
Ck—lzck
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Multiple testing
® \We consider the following max-type statistic

h/C’
Sn,max,C"(H) - eﬂax ’TE‘:n‘7 Tf‘:" - ﬁgf’
where [T} | equals (Sn.cv(h{))2.
® By Theorem 1, (T{,,..., T}

., T),) converges in distribution to a multivariate normal distri-

bution with standard normal distributed marginals and correlation matrix R¢v given by its
entries

h/Zcoh,,

(Relim = Vi Zcoho/hLEcohn,

(6)
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Multiple testing

® The equicoordinate (1 — a)-quantile g1_q max,cv(R) of a N(0, R¢v)-distribution serves as
a “fair” critical value.

® Such quantiles can be determined numerically by computer software, e.g. the function
gmvnorm() from the R-package mvtnorm (R Core Team, 2023; Genz et al., 2021; Genz
and Bretz, 2009).

[ ]

An asymptotically exact test

~

¥n,max,Cv = I{Sn,max,C‘/(H) > ql—a,max,C"(RC‘/)}

for the global null hypothesis Hg cv.
® We reject the local null hypothesis Hg ¢ cv when TK‘:n > ql_a7max7cv(i§cv).
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Multiple testing

Let (4) as well as Assumptions 1 and 2 be fulfilled for all (sub-)groupsi=1,... k.

® The test @nmaxcv is asymptotically exact for the global null Hgcv, ie.
Ej{o,cv (Qon,max,CV) — Q.

0O Suppose that the first r' < r null hypotheses and the remaining r — r’ alternatives, i.e.
Hipcv: h] CY#0 fort =r' +1,...,r, are true. Then

r/

limsup PF(U{’TZ”‘ > qlfa,max,C"(kC‘/)}> <«
n—00 —1

and nll>ngo PI’( ﬂ {‘Tf‘fn| > ql—cx,max,C‘/(R’C")}) =1L
{=r'+1

® The statements remain true when C" is replaced by B".
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Multiple testing

® Using the pooled bootstrap, we propose to approximate n1/2(EV —CY) by
~1/2,ab \_1/9, 2vb = ~ ~
nPEL(EL)VACT —Cy), Cp=CY i

® The bootstrap multiple contrast statistic becomes

~1/2

h ELlEe)2E” — ¢l
Sb (H):n1/2 max |-,—v,b|’ —,—v,b 4 ( C) ( 0).

n,max,C" =1 4,n £,n / =
T h[ szhg

(Pg,max,CV = l{snymaX,C"(H) > qf—a,max,C"(X)}

is the bootstrap counterpart of the multiple contrast test, where qfﬁa max.cv(X) is the

® Then

conditional, equicoordinate (1 — «)-quantile of n1/2(T1 s r‘f;,b)T given the data X.
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Multiple testing

Theorem 8

In addition to the assumptions of Theorem 1, we suppose that Assumption 1 is fulfilled for the
pooled quantities py and Xo. Then the statements of Theorem 7 remain true when we replace
Pn,max,cv aNd 1 max,cv(Rcv) by their bootstrap counterparts ©f .~ and qf_,, ... c.(X),
respectively. Moreover, the analogue results for B instead of C are true.

VT

® The asymptotic covariance structure of nl/z(C — E'g) is more complicated than the
bootstrap one, which is caused by the strong dependence within the permutation sample.
In particular, the permutation covariance matrix is neither diagonal nor regular.
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Type-1 error control

Ny =Ny =nz=ng =30
Asymptotic Wald—-type tests

Asymptotic MCT tests

Nn; =Ny =Nz =ng =50
Asymptotic Wald—type tests

Asymptotic MCT tests

8 - S 8 -
- °
3 o
g4 _ : R
P : P °
w | Lo [ - w
S0 - - ‘ b
- . . | g
P Lo Lo ' °©
[ o - - - 8 3 o
- — N Vo _ : - 3
g i | T R P e edT T : s
g P Py N - - |8 P T ;
8 P . ARE. L L e S : T
K L : — [ LE : o - -
< AT I T U U T o (N T B
s 4
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L1 - o= 4 L £ 3 e
o 4 = - = Be 4 o - T B
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Type-1 error control

Ny =n,=nz=n, =30
Permutation Wald—type tests

Bootstrap Wald—type tests

Bootstrap MCT tests
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CRR BRR CW gW GVN BYN  CAZ pgAZ CRR QRR oW W VN pVN  CAZ  pAZ  GRR BRR  GW W CVN pUN  AZ Az
Ny =n,=nz=n, =50
Permutation Wald—type tests Bootstrap Wald—type tests Bootstrap MCT tests
g w
g <
B o4
g o~
&
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Permutation Wald—type tests
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Empirical power

np=n;=ng=n, =30

° Permutation Wald-type tests Bootstrap Wald-type tests Bootstrap MCT tests
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GFDmcv package in R

e Ditzhaus M., Smaga t. (2023). GFDmcv: General Hypothesis Testing Problems for Mul-
tivariate Coefficients of Variation. R package version 0.1.0, https://CRAN.R-project.
org/package=GFDmcv.

® # contrast matrices
k <- length(data_set)
# Tukey’s contrast matrix
h_mct <- contr_mat(k, type = "Tukey")
# centering matrix P_k
h_wald <- contr_mat(k, type = "center")
# testing without parallel computing
res <- GFDmcv(data_set, h_mct, h_wald)
summary (res, digits = 3)
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Thank you for your attention!




