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Outline

= Purpose of the presentation

= Known fixed-cost sampling schemes

= Proposed modifications to the schemes
= Comparison of properties

= Summary
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Purpose of the presentation

Comparison of properties of sampling schemes
incorporating data acquisition cost.

Sampling schemes:
1. Pathak scheme
2. Greedy scheme
3. Modified greedy scheme
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Notation

= Finite population:

= Study variable:

y = [le '"ryN]

= Population total:

N
y = ZYL'
=1

l
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Pathak scheme (S1)

= Cost vector:

C = [Cll ey CN]

= Research budget B:

B > igljaé{ci + ¢}

Sampling until the sum of costs for the selected elements
exceeds or reaches the research budget. The element for which
this occurs is not included in the sample.

[Pathak, 1976]

5

@ @ @ Uniwersytet Ekonomiczny w Katowicach



Pathak scheme (S1)

Consider sampling scheme for sample s = {s4, ..., s,}. Let

k

l

First step (k=1):
Randomly select (SRS) an element s; with costc,, from set U; = U.

Next steps (k=2,3,..):

Randomly select (SRS) element s, with cost ¢, from set Up = Ug_;\
{sk-1}. If Sg = Si_1+¢c5, =B then the sample is a set s={sy,..,s4_1}.
Otherwise, we go to stepk + 1.
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S1- inclusion probabilities

Q = {wq, w,, ..., 1} - permutations of U

Pathak sampling as a two-step process:
1. Randomly select (SRS) permutation w from Q.

2. Select the longest subsequence of initial elements from w, such that the cumulative cost
Is less than the research budget B.

Let kp: Q — Qp be a function such that kp(w) = w™, where w* is the subsequence selected
according to the second point.

First-order inclusion probabilities:

#{w e Qi € kp(w)}
B NI

T(;
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First-order inclusion probabilities for S1
- an example.

U =1{1,2,3,45,6} Example values of kp:

Y = Y1, Y2, Y3, Y4, V5, Ve kp((1,2,3,4,5,6)) = (1,2,3,4)
C = [1;1;1;2;2;3] Kp((6, 5,4, 3, 2, 1)) = (6, 5)

B =6 kp((4,1,2,6,5,3)) = (41,2)
#0 =720

¢ | _ (360 360 360 324 324 276
=Ny e s te) =\ 75072077207 720° 720° 720
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Greedy scheme (S2)

Cost vector: ¢ = [cy, ..., cy]

Research budget: B > igljzg((]{ci + ¢}

Sampling until the total cost for selected elements exceeds the budget.
The element for which this occurs is not included in the sample. Among
the remaining elements, we choose those whose selection will not exceed

the budget.

We repeat the procedure until no such element remains.
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Greedy scheme (S2)

TcU
(M=) ¢
LET

An algorithm implementing a greedy scheme [Gamrot, 2014]:

1. Randomly order all elements of the population U into a
N — element sequence (44, ...,4y).

2. Assume that s, = 0.

3. Fori=1,..,N, perform the following N steps sequentially:
- if ¢4, < B —c(s;-1), then s; = s;_; U {A;}
- otherwise s; =5;,_;

4. The set sy is a sample. .
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S2- inclusion probabilities

Q = {wq, Wy, ..., wp 1} - permutations of U

Let k,: Q - Q, be a function such that kp(w) = w*, where w* is a subsequence
selected according to steps 2 - 4 of the algorithm.

Greedy sampling as a two-step process:
1. Randomly select (SRS) permutation w from Q.
2. Calculate k, (w).

First-order inclusion probabilities:

_ Ho e i€ xz(w)}
= N 11
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First-order inclusion probabilities for S2

- an example
U =1{1,2,3,45,6} Example values k;:
Y = [y, Y2, Y3, Yar Y5, Ve k7((1,2,3,4,5,6)) = (1,2,3,4)
c=1[1,11,2,2,3] k2((6,5,4,3,2,1)) = (6,5,3)
B =6 k,((4,1,2,6,5,3)) = (4,1,2,5)

#Q0 =720

(121 121 121 23 23 1
- \180°180°180°40°40’2

_ (484 484 484 414 414 360
™= 720°720°720°720°720° 720
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Comparison

\
\-.

inclusion probabilities
/l

L
[=2]

1 2 3

element index

13

@ @ @ Uniwersytet Ekonomiczny w Katowicach



Horvitz-Thompson (HT) population total
estimator

T4, ..., TNy — first-order inclusion probabilities

d; = nil — weights

s = {sq, ..., Sx} — sample
HT estimator for known m;’s:
YHT = E d;y
LES
[Narain, 1951], [Horvitz, Thompson, 1952]
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Empirical inclusion probabilities

When calculating «;’s is impossible, replace them with estimates.

DV (®
1

Sy Trees - sample replications

f1, -, fn - the number of occurrences of each item in R sample replications

S

T = Ii _ empirical inclusion probabilities
R

|~

d; = — - empirical weights
i

U
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The empirical HT population total
estimator

= {s¢, ..., S, } — sample

S
cil- — empirical weights

YEuT = 2 di)’i

LES
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Empirical inclusion probabilities for S1
- relative biases

cost=1 cost =2 cost=3
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Empirical inclusion probabilities for S2

cost=1

Car=30

- relative biases

cost=2

cost=3
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Modified Pathak scheme (S3)

x = [xq,...,xy] — auxiliary variable values

c = |[cy,...,cy] — costs

B > l_rq{l]%{ci + ¢;} — research budget

Sampling (with probabilities proportional to x) until the total cost for
selected elements exceeds the budget. The element for which this
occurs is not included in the sample.
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Modified Pathak scheme (S3)

Consider sampling scheme for sample s = {s4, ..., s,,}. Let

k

l
First step (k=1):
Randomly select s; from set U; = U with probabilities
W __ %
pl ZI:EU]_ Xi
Next steps (k=2,3,...):

Randomly select s, from set U, = Uy_; \ {sx—-1} With probabilities pl.(k) = zx—lx
€Uy, i

If Sp= Sk_1 +c5, > B, then the sample is a set s = {sy, ..., sy_1}. Otherwise, we go
to step k + 1.
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Modified greedy scheme (54)

x = [x4,...,xy] — auxiliary variable values

¢ =|cy,...,cy] — costs

B > iriljae)l(]{ci + ¢;} — research budget

Sampling (with probabilities proportional to x) until the total cost for selected
elements exceeds the budget. The element for which this occurs is not
included in the sample. Among the remaining elements, we choose those
whose selection will not breach the budget.

Repeat the procedure until no such element remains.
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Modified greedy scheme (54)

T cU
C(T)=Zci
LET

UT)={i€eU—T:c; <B—c(T)}

1. Randomly select s; from population U with the modified Pathak scheme
with a budget constraint B.

2. For1=1,23,.. create a set s;.; by adding through random selection s; with
scheme S3, elements from the set U(s;) with the constraint of B;,; =B —
c(s;), until some [ =L for which set U(s;) is empty. Here, the assumption
that the budget is greater than the sum of the two largest costs is

disregarded.
3. The set s; is a sample.
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First-order inclusion probabilities for S4
- an example

U = {1,2,3,4,5,6)

Y =112, Y3 Y4 Vs, Vel
x=[1,1,1,2,2,3]
c=1[111,22,3]

B=6

The inclusion probabilities calculated by analyzing all possible outcomes
of the random selection process:

(163 163 163 121 121 7
™ =1315"315’315°210° 210’10
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Comparison

inclusion probabilities
/F
[ ]

—m 5] 52

element index
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Empirical inclusion probabilities for S4
- relative biases

cost=1 cost=2 cost=3

rj i
a4

e 0o et e e —

gt
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The average amount of unused funds

In the following part, the average amount of unused budget funds during the sampling
using schemes S1, S2, and S4 is considered.

Data: agricultural census from 1996 - Dagbrowa Tarnowska county
y — farm sales

x — farm area
cC~X
B = 100000 (8,62% x); 200 000 (17,24% %)
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Area and sales
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The average amount of unused funds
(B=100 000)

s1 S2 S4

unused funds

¥
T e, -~ e ———— -
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The average amount of unused funds

(B=200 000)
51 ‘1 52 "1 54
;% N }hwﬁ“ - ) R
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Introducing true auxiliary variable

U == {11 2) 3) 4) 5, 6}
Yy = [leyZJyBJy41y5ly6]
x=1[1,1,1,1.492047,1.492047, 2]

c=1[1,11,223]
B=6

= (0.572,0.572,0.572,0.572,0.572,0.638)
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Introducing true auxiliary variable

U == {11 2) 3) 4) 5, 6}
Yy = [leyZJyBJy41y5ly6]
x=10[1,1,1,1.492047,1.492047,1.8]

c=1[1,11,223]
B=6

r = (0.581,0.581,0.581,0.587,0.587, 0.606)
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Example

U=1{1,2,34,5,6}

Y = Y1, Y2, Y3 Y4 Vs Vel
x(4,B) = [1,1,1, 4,4, B]
c=[1,1,1,2,23]

B=6

6
0(4,B) = ) |mi(4,B) ~ 7 (4,B)]
i=1

M = A=0.£r,})1.r21,...,10 Q(4,B)

B=0.1,0.2,..,10
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Example

U = {123,456}

Y = [V1, Y2, Y3, Y4 ¥5) V6] M = zQ(A B)
AB)=[1,1,1,A,AB A=0.3,0.2,.,10

x(A,B) =[1,1,1,A,4, B] B=0.1,0.2,..,10 i=

c=[1,1,1223]

B=6

A=15
B =17
Q(1.5,1.7) =M = 0.028

(A, B) = (0.586,0.586,0.586,0.597,0.597, 0.587)
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The objective function
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Empirical inclusion probabilities

U={1,2,3,45,6}

Y =12, Y3 Yar Vs, Vel
x(A,B) =[1,1,1,4,4, B]
c=1[1,1,1,2,2,3]

B=6

Number of replications R = 500

6
Q(A,B) = ) [7:(4,B) — 7 (4,B))
=1
EM = 4=0.102...,10 Q(4,B)

B=0.1,0.2,..,10
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Empirical inclusion probabilities

U = {1,2,3,4,5,6}
Y = Y1, Y2, Y3, Y4, Vs, Vel
x(A,B) = [1,1,1,A, 4, B]
c=[1,1,1,2,2,3]

B=6
A=15
B =17

0(1.5,1.7) = M = 0.028
0(1.6,1.7) = 0.085

A=16

B=1.7

0(1.6,1.7) = EM = 0.046
0(1.5,1.7) = 0.126

(Overall, 5,000,000 random selections)
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The estimated objective function
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10 -

Comparison

Q(A, B) Q (A,B)
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Comparison
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Summary

Challenges:

= How many sample replications to generate for calculating
empirical inclusion probabilities?

= JIs it possible to indicate better criteria than those proposed?

= How to find a solution in larger populations?
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